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1. Consider a Markov chain X = (X,,),>0 with a state space S = {1, 2, 3,4} and the transition

matrix
02 04 0 04

03 0 07 O
05 0 05 0
0 01 09 O

A=

Find the period d(i) of each state, and which states are aperiodic?
Solution:

For n > 1, we deduce P™(1,1) > 0, from the transition matrix, hence

It follows that d(1) = 1 and state 1 is aperiodic. Similarly, we use the transition matrix
to show

R(2)=1{2,3,4,---}, R(3)=1{1,2,3,---}, R(4)=1{3,4,5,---}

Hence d(2) = d(3) = d(4) = 1 and state 2, 3 and 4 are aperiodic.

2. Let (X,)nen, be a simple random walk. The state space S of (X,,)nen, is the set Z of all
integers. We set Xg = 0, and let the transition matrix P be defined by

p, =i+l
0, otherwise

for some constant p € (0,1).

Find the period d(i) of each state, and which states are aperiodic?

Solution: Note that for ¢ € S = Z, we have
P (i,i) >0 P> i) =0.

Hence for any i € S R(i) = {2,4,6,---} and d(i) = 2. Then no state is aperiodic.



3. Let (X,)nen, be a simple random walk on Z%. The Markov chain with a transition matrix
is given as follows:
if |z —yllh =1

otherwise,

1
P(:Il,y) - { Sd

for any z,y € Z¢, where |z =yl = Zle |x; — yil.
First, assume that d = 2.

We divide the four directions into two groups, e.g. {up, right} and {left, down}. The
Markov chain X could return to the origin 0 after 2n steps, so choose n from 2n for the
location of each group as the number of up and right should be equal to the number of left
and down. Finally, for each group and each & < n, we choose k from n for both groups
since the number of up (right) should be equal to the number of down (left). It follows
that the return probability in 2n steps is given by

P2(0,0) = 4~ (2:> En: (Z)z

k=0

(a) Show that
2
P2(0,0) = 4720 <2n> .

n

Hint: Consider the coefficient of (1 + z)"(1 + )" = (1 + x)?" for each z*, k €
{0,1,---,2n}. Then use Multinomial Theorem to deduce that » (2)2 = (2")

n

(b) Deduce that the series > oo ; P?*(0,0) diverge, so that the random walk in dimension
d = 2 is recurrent.
Hint: Use Stirling’s formula: n! ~ v/27n(%)" for large n.

Solution:
(a) Since .
(1+a)" = ; <Z>£L‘k
then o . )
]Z; <2j>xj — (L+a) = ((1+2)")? = <Z; <:> xk>

By abstracting the coefficients of the term z™ on both sides of above equation gives
2n\ i n n _ i ( n 2
n) k)\n—-k) k)~
k=0 k=0

2n —2n 2n ?
P?(0,0) = 4 .

n

Hence



[e.e]

o] m 2
S rno0 =Y ()
n=1 n=1 n
2
— i 472n (2’0)'
o nln!
s
£ nm
e —|—OO

Next, we assume that d = 3.

Let us accept that, by similar arguments as in the case d = 2, the return probability of
the Markov chain in 2n steps is given by

2n n 2
2n _ p—2n
P (0,0)—6 <n) E <ijk>’
i+jt+k=n N7

where (Z;Lk) = #,'k,

(a) Show that

3 < 77k> =3".
i+j+k=n b

Hint: We recall that, by Multinomial Theorem,

n ki K m
. (k koo ok )%lwf‘--wm = (@1 + a2+ )
Ky +hgt etk =n 1, h2, y vm,

(b) Let us consider the Gamma function I' : Ry — R, which is defined by,
[o.¢]
Mzx+1):= / tYetdt, Vx >0.
0
We accept that, the second order derivative,
(o) (o]
Mz +1) = / tYe logt dt, T"(x+1)= / t*e"t(logt)? dt.
0 0

Show that the second order derivative of x —— log(I'(z + 1)) is nonnegative, and
deduce that the function z — log(I'(x 4 1)) is convex.

Hint: For two functions g(t) := log(t), h(t) = 1, we define the inner product by
(g, h) = fooo g(t)h(t)t*e~tdt and then apply the Cauchy-Schwarz inequality.

(c) Recall that
I'(k+ 1) =k!, for all positive integer k.

Deduce that if i + j + k = n, then

(?k) : <n/3,n737n/3>'

3



Finally, use Stirling’s formula to show for some constant C,

n 3™
< C—.
(i,j, k> ~  n

Hint: For the first inequality, use Jensen’s inequality for the convex function In(n!).

(d) Deduce that S22, P?*(0,0) < oo, so that the random walk in dimension d = 3 is
transient.

Hint: First write
2n\ 1 n \?,1
P"(0.0) = ~\2n - 2n.
0o =M ¥ (1)@
i+j+k=n
Then use results in (b) and (d), and find the upper bound for (2:)

Solution: For d = 3.
(a) Since
n o
(1 + 22 +23)" = Z (z ) k> wiadak.
i+jt+k=n »Js
Picking x1 = 29 = x3 = 1, we have

P> Q;k)

i+j+k=n
(b) Given the product
(g, h) = / g(OR(t)Eetdt,
0
Let g(t) = logt and h(t) = 1. By the Cauchy-Schwarz inequality

(g, h)[* < (g.9){h, h)

we have ~ - -
( / telogt dt)? < / t%e "t (logt)? dt / t%e~t dt.
0 0 0

It follows that
(M(z +1))? < (M(z + 1)°T(z + 1)
Hence
T+ Dl +1) = (U@ + 1)

(log(I'(z +1)))" = 2+ 1) >0

and the function z — log(T'(z + 1)) is convex.

(c) Let
¢(z) = log(I'(z + 1)),

which is convex. By Jensen’s inequality
i+j+k
3

8(0) + 9()) + o(k)

o 2

) <



Then

For i 4+ 5 + k = n, we have

r(g +1) < (iljlk)3

which is equivalent to
n g
(g!)?’ < aljlkl.
It follows that
n! n!
iVilk! < nyn|n|
ilglk! — glglg!

where L = ( " ) Applying Stirling’s formula: n! ~ v/27mn(2)™ to right hand side
iljlk! B.gk €
of above inequality yields
nl 2mn ()" _3V33"
LT (Vart/) (L 2w
and .
<‘ " ) <ot
k)~ n
where C = ﬂ
27
(d)
00 o] om n 2
P2n — —2n
> rre0-2e() 3 (5)
n=1 n=1 i+j+k=n
o) 2
Sy (M) Y ()
n=1 n i+j+k=n b
Applying
n
(. " ) <c¥
,5,k) — " n
to derive
oo o
2n\ 37" n
P2(0,0)< ) C27% —
rreosyer ()5 3 ()
n=1 n=1 i+j+k=n
Using
n
3" =
2 (5
i+j+k=n
we have
i}ﬂn(o 0) < Cir?n (2”> S
T nj)n
n=1 n=1



Applying Stirling’s formula to (2:) yields

ip%(o 0) < Qii < o0
n=1 B ﬁn:l ’I’L2/3

Hence the random walk in dimension d = 3 is transient.



